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ROGER FENN and COHN ROURKE 
(Receiued in revised form 21 July 1978) 
4 FRAMED OR labelled link in S3 is a finite collection L of embedded circles in S’, each 
one of which is labelled by an integer. 
In [3] and [7] Lickorish and Wallace showed that any orientable 3-manifold can be 
obtained by surgery on S3 using such a link. Furthermore in [21 Kirby shows that two 
such manifolds are homeomorphic if and only if the links are related by a series of 
combinatorial moves. Thus there is a classification of orientable 3-manifolds in terms 
of equivalence classes of links. In this paper we present an exposition of Kirby’s 
theorem in a form which applies to links in a general 3-manifold and we also give a 
classification of non-orientable 3-manifolds by equivalence classes of links in the 
non-orientable S* bundle over S’ denoted S’ 5 S2. Our exposition reduces the depen- 
dence on ‘Cerf Theory’ which plays a central role in Kirby’s paper[2], and clarifies the 
connection between the various allowable moves. This clarification allows us to state 
the main classification theorem in the following simpler form: 
THEOREM. Orientation preserving homeomorphism classes of compact closed 
oriented 3-manifolds corresponds bijectively to equivalence class of labelled links in S’ 
where the equivalence is generated by a single move-the “Kirby move” (see §l 
Theorems 1 and 2). 
It is interesting to note that, in this classification theorem, S3 can be replaced by an 
oriented homotopy sphere but not by any non-simply connected 3-manifold. (See 02. 
Corollary 7). 
A framed link L can be geometrically interpreted in the following way. Let C be a 
component of L with label n. Then there is an embedding of the solid torus f: 
C x D*+ S3 which avoids the other components and is the identity map when 
restricted to C x (0). 
A curve C’ = f(C x {x}), x # 0 is called a parallel curve to C. Choose the embedding 
f so that the linking number l(C, C’) is n. This means that the disc 0’ is twisted n 
times in a right handed direction as the circuit C is transversed. It also means that the 
isotopy class of f is well defined. Thus we can regard a framing of C as either an 
integer or a choice of parallel curves or an embedding of the solid torus. Note that the 
definition does not depend on the orientation of the circuit, but only on that of S3. 
The surgery manifold of L denoted by x(L) is the 3-manifold obtained by surgeries 
on the components of the link L using the associated framings. For example; surgery 
on the unknot with framing n gives the lens space L(n, 1) with the convention that 
L(0, 1) is Sz X S’ and L( 1, 1) is S3. Surgery on a simple link 
gives L(pq - 1, p). To obtain links for the general lens space, consider the example 
L(17,5). Write, as a continued fraction: 
+1_ 
2 - l/3’ 
Then L(17,S) is obtained by surgery on the link pictured on Fig. 1. 
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Fig. 1. Fig. 2. 
This representation is not unique. For instance L(17,5) can also be obtained by 
surgery on the link in Fig. 2 corresponding to 
For more details see [S]. 
The four links pictured in Fig. 3 all give dodecahedral space. 
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$1. THE MOVES 
Before describing the allowable moves on link pictures we shall introduce notation 
and techniques which will prove useful later on in the paper. For convenience we 
shall work usually in the PL category. More details and full proofs can be found in 
[6]. However, note that in the dimensions here there are no obstructions to smoothing 
all manifolds if necessary. 
A handle of index r attached to the boundary of an n-manifold M, written 
M UrH’, consists of an embedding f: S’-’ X D”-’ + 3M and an associated 
identification space of D’ X D”-’ with M. The new boundary d(M U,H’) is x(j), that 
is the result of surgery on 8M using f, The image f(S’-’ x (0)) is called the a-sphere of 
H, and f({O} x Sn-r-‘) is called the b-sphere. A handle decomposition of a cobordism 
W with boundary components a+ W and a-W consists of a sequence of attached 
handles 
w = C’ U HI u . . . U HP u C-* 
where C’ is a collar neighbourhood of a’w. Handle decompositions can be modified 
as follows: 
1. Reordering 
Without changing W (up to homeomorphism) it may be assumed that index 
Hi G index Hi whenever i 6 j. 
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2. Cancelling or introduction of complementary handles 
If the a-sphere of H’+’ meets the b-sphere of H’ transversely in one point, then 
the pair H’ U H’+l is said to be complementary and may be cancelled (or introduced) 
without changing W. 
3. Trading handles 
Consider a handle M U,H’ for which f extends to an embedding D’ x D”-‘-I-+ 3M 
then x(f) is JM #S’ X S”-‘-I. So we may replace H’ by an H”-‘-I. This changes the 
cobordism but keeps the boundary components fixed. 
4. Handle sliding 
An isotopy of the a-sphere of H’ over the previously attached r-handles does not 
change W, 
5. Duality 
The equation * above may also be written 
W=C-UH$U...UHTUC+ 
where the index of HT is n-(index H,). The a- and b-spheres of H; al,;! Ht are 
interchanged. 
Associated with a labelled link L is an oriented four dimensional cobordism W(L) 
with boundary components x(L) and S’. 
We now describe certain moves which can be made upon a link which may alter 
W(L) but do not change x(L). 
M.1 The Kirby or K-move 
Consider an unknotted component C of L labelled 2 1. Surgery on C gives a 
3-manifold homeomorphic to S3. An explicit homeomorphism can be seen as follows: 
Assume C is labelled + 1 for definiteness. It will help the reader if he refers to Figs. 
4a and 4b. The component C is pictured with a tubular neighbourhood N, a parallel C’ 
with linking number 1 and a spanning disc D with boundary a longitude of aN. Now 
cut S3-N along D. Twist one side of D in a left handed anticlockwise manner through 
25- and reglue. The effect is illustrated in Fig. 4b. The parallel C’ is turned into a 
meridian. Thus, after the twist, the effect of the surgery is to replace N as before. 
Therefore we can delete C, provided we twist curves which pierce D (see Fig. 5a). 
The case where the label is -1 is similar, but the twist is opposite (see Fig. 5b). 
If another component C” is labelled n” before, then after the elimination of C it 
will be labelled n” 2 l(C, C”)* according to whether C is labelled ? 1. 
If C can be separated from the rest of the link by a 2-sphere then the elimination 
or insertion of C is called a special K-moue (in [2] called a,). This corresponds to the 
splitting off or addition of a complex projective plane CP* with positive or negative 
orientation on W(L). In general the elimination or insertion of an unknotted C labelled 
21 is called a tc-move. 
M.2 The band or p-move 
Let C be a component of L labelled n and let C’ be a parallel curve to C (twisting 
n times around). Let C” be another component of L. Replace C” by the connected 
(b) 
Fig. 4. 
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Fig. 5. 
sum C”#& where b is some band or ribbon disjoint from the link, except that one 
end of the arc is an arc of C” and the other is an arc of C’ (see Fig. 6). Replace n”, the 
labelling of C”, by n”+ n 5 2f(C, C”), where the sign is + if and only if the band can be 
oriented to agree with some compatible orientations of C and C”. This move and its 
inverse is called a p-moue. Its effect on W(L) is to isotope the attaching map of a 
2-handle over another 2-handle. This means that the handle presentation is altered but 
of course the homeomorphism type of W(L) is unaltered. 
Following Kirby the equivalence generated by special K-ITIOVeS and p-moves is 
called 6-equivalence. 
THEOREM 1 (Kirby). Two oriented compact connected closed 3-manifolds are 
homeomorphic if and only if their associated links are b-equivalent. 
This result will appear as a special case of a more general result in the next 
section. In the meantime we prove that the notion of S-equivalence can be reduced to 
K-moves. 
THEOREM 2. K-MOVeS are equivalent to special u-moves together with p-moves. Put 
in another way this means that if two links are equivalent by u-moves then they are 
equivalent by special u-moves and /3-moves and conversely. 
-Fig. 6. 
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proof. Consider the K-move illustrated in Fig. 5a. Suppose that there are n arcs 
piercing the disc spanning C. Now n band moves of each are around C has the effect 
illustrated in Fig. 7 where it = 4. A special K-mOVe on’ C returns to the situation 
illustrated on the right of Fig. 5a. Conversely since a special K-move is already a 
K-move we need only consider a p-move and show that it is equivalent to a sequence 
of K-moves. 
Fig. 7. 
Fig. 8. 
Fig. 9. 
Suppose now that we are about to perform a p-move by running the component Cz 
around C, as in Fig. 8. The component C, may be knotted but we can alter double 
points of a plane projection by K-I’nOVeS as in Fig. 9. So by a series of K-InOVeS 
r1, . . .1 r, we can unknot C, and by a further series of moves rq+,, . . ., r, of the 
following type: 
” 
tt 
nt I 
IS ewvalent to 
3 
Fig. 10. 
We can alter the labelling of C, to + 1. Moreover we can assume that none of these 
moves alters that part of Cz near C,. Consider now Fig. 11. The tube piercing C, 
represents a cable of arcs passing through C1 which might include arcs of Cz. Now by 
a K-mOVe introduce a curve C3 outside C, labelled +l and linking the band (dotted in 
Fig. 11). The effect is to twist the band round C, and to give the cable a full right hand 
twist (see Fig. 12). Now delete C,. This leaves the new curve C, and the new part of 
C1 unaltered, but removes the twist in the cable. If we now identify C3 with C1 we 
have exactly Fig. 11 with the p-move performed. Now reverse the moves Ft, .._ ., f, 
that we started off with, except that Cj and its companion arc of Cz are treated as if 
Fig. Il. -Fig. 12. 
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together. The result is to replace all the curves in their original positions except that 
C, has a parallel strand of Cz next to it throughout. The original framings are also 
restored and so the final position is the result of the required p-move. 
$2. LINKS IN ARBITRARY 3-MANIFOLDS 
From now on a labelled or framed link L in a closed compact 3-manifold M will 
consist of a finite collection of disjoint PL embeddings of S’ x 0’. Any image of 
S’ + (0) will be called a componenf of L and the associated image of S’ X {x}, x # 0, a 
parallel curve. As before, the framing is equivalent to a choice of parallel curves and 
if H,(M) = 0, i.e. A4 is a homology sphere, than a choice of parallel curves is 
determined by the linking number. Surgery produces a 3-manifold x(L) and a 
cobordism W(L) between x(L) and M. Note the symmetry in the situation. M can be 
obtained by surgery on some link L* in x(L) by looking at the dual handle presen- 
tation of W(L). A component is called unknotted if it spans an embedded disc. If a 
parallel curve pierces this disc transversely once then we can perform a K-move by 
deleting this component as before. A p-move is also similar. Since we are now 
defining the framings by parallel curves to each component, the new framing will be 
defined by the effect these moves have on them. Since linking numbers are not defined 
in general it is not possible to give a formula for this effect. As before, these moves do 
not alter the homeomorphism class of x(L). Theorem 2 must now be replaced by 
THEOREM 3. (1) If two links are related by K-moves then they are related by special 
K-moves and p-moves. 
(2) If two links are related by p-moves and if r,(M) = {I} (M is a homotopy 
sphere) then they are related by K-moves. 
(3) If nl(M) # (1) then there is a counter example to 2 above. 
Proof. (1) The proof is exactly as in Theorem 2. 
(2) The proof is virtually as in Theorem 2. Instead of using a knot projection onto 
S2 use the fact that any inessential curve in a 3-manifold can be made into an 
unknotted curve by a regular homotopy whose singularities consist of arcs of the 
curve crossing one another transversely. 
(3) Note that K-InOVeS do not change the homotopy classes of components but a 
p-move can. More precisely, a K-move introduces or deletes a component represent- 
ing the identity in n,(M) and leaves the classes of the other curves unaltered. 
However a p-move, as in Fig. 6, changes the homotopy class of the left hand curve by 
adding a conjugate of the class represented by the right hand curve. 
Before stating the main theorem we give two preliminary lemmas. Let S2 5 S* 
denote the twisted S2 bundle over S*. Recall that &equivalence is generated by 
special K-IIIOVeS and p-moves and by theorem 2; this is the same as the equivalence 
generated by K-moves. 
LEMMA 4. Given a link L, then we can add to L a copy of CQorba 
(separated from L by an embedded sphere) without changing the S-equivalence class 
of L. This alters W(L) to the connected sum W(L) # S2 X S2, W(L) #S* 5 S2 respectively. 
Conversely such a sub-link may be deleted. 
Proof. To see that the S-equivalence class is unchanged consider the K-moves 
illustrated in Fig. 13. To see how this effects W(L) just consider handle decom- 
positions of S2 x S2 and S2 5 S2. 
Ic 
LEMMA 5. In the following situation 1 
Y 
, where the vertical arc is part of a 
0 
component C which is homotopic to zero in M, we may delete both C and the small 
circle labelled 0 without changing the 6-equivalence class. (For the case where C is not 
homotopic to zero see theorem 8.) 
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Proof. The small circle labelled 0 allows the homotopy to zero with changing the 
S-equivalences class (see Fig. 14). By a number of p moves of the type illustrated 
in Fig. 14, C and its meridian curve labelled 0 may be reduced to 0 
c!J!J 
. A sequence of 
K-moves as in Fig. 15 reduced the situation to Lemma 4. n 
Fig. 14. 
Fig. 15. 
For the rest of the section we will work only with oriented manifolds. The 
nonorientable manifolds introduce technicalities which are dealt with in $3. We need 
to describe the natural class n E H,(V) defined by an n-manifold M with fundamental 
group 7r. Let X be any C. W. complex with fundamental group n, then a model for 
K(n, 1) can be built from X by attaching cells to kill the higher homotopy groups. 
There is then a natural inclusion Xc K(n, 1). In the case that X is an oriented 
n-circuit (for example if X = M is an oriented n-manifold), then this inclusion defines 
a class n(X) E H,(K(7r, 1)) = H,(7r). 
Now let L be a link in M3. Pick a base point in M which avoids the link L. We can 
clearly associate this with a base point in x(L). Suppose L, and L2 are two such links 
with the same base point and h: x(L,)-, x(L,) is a homeomorphism preserving the 
base point. Then we have the following diagram labelled A. 
fll( W(L,)) ----- + TIC Woe)) 
\ 
VI(M) 
/ 
Suppose further that there is an isomorphism i (dotted in the diagram) which makes A 
commute. Write W for W(L,) U dW(LZ) where the boundaries are identified by the 
identity on M and by h on the other component and ‘bar’ indicates reversed 
orientation. Then we can identify K(n,(W(L,)), 1) with K(n,(W(Lz)), 1) (up to homo- 
topy) using i and glue the two natural maps together to obtain a map, 
p: W+K(7r, 1) 
where r = r,( W(L,)) = r,(W(LJ). Write n(A) E H4(r) for the homology class of 
P(W). 
THEOREM 6. With the above notation the two links L, and L2 are S-equivalent if 
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and only if there is a homeomorphism h: x(L,)+ ,y(L2) and an isomorphism i: 
7rTTI( W(L,))+ n,( W(LI)) making the diagram A commute and q(A) = 0 in I&(T). 
COROLLARY 7. If M is a homotopy 3-sphere then ,y(L,) = x(Lz) if and only if L, is 
equivalent to L2 by K-moves. 
Proof. The fundamental group of M being 
trivial, as it is obtained by adding 2-cells (up to 
q(A) vanishes. 
zero implies that rr,( W(L,)) is also 
homotopy type). So the obstruction 
For many other groups q(A) vanishes, e.g. the fundamental group of any 3- 
manifold. Kirby has remarked that this is true whenever there is a homotopy 
equivalence W(L,)+ W(L,) extending the homeomorphisms on the boundary. He has 
also remarked that the obstruction can be killed provided we allow a further move, 
namely to introduce or delete a component C (in any position disjoint from the other 
components) ringed by a small meridianal curve labelled 0. More precisely let 
a-equivalence by the equivalence generated by the K-moves P-moves and this new 
move. 
THEOREM 8. With the notation of Theorem 6, L, and LZ are a-equivalent if and 
only if x(L,) is homeomorphic to x(L2). 
The proof for Theorem 8 follows that for Theorem 6. 
Before proving Theorem 6 we need one further lemma. 
LEMMA 9. Assume that we are in the situation of Theorem 6 and that there is an h 
and i making A commute. Then q(A) = 0 if and only if W connected sum with some 
copies of CP2 or @ is the boundary of an oriented 5-manifold Cl’ such that the 
diagram 
0) 
commutes and (iI)*, (j& are split injections (j, and jz being inclusions). 
Proof. To prove the ‘only if’ part of the statement, notice that connected sum of 
7 W4 with CP2 or CP does not alter either a,(W) or q(A), so without loss we can 
assume that W = JR5 and (7) is given with (j&, (j2)* split injections. Consider the 
diagram: 
W(L,) c, R5 -) W(L2) 
Q ,--l q 
(where S, and SZ are the splittings and the notation f” means the map induced by the 
homeomorphism f.) 
The maps (S,)‘, (S# define a map of as into K(r, 1) extending the natural map p. 
Thus p is bordant to zero and q(A) = 0. 
Conversely suppose v(A) = 0, then W = 3X5 where X5 is an oriented 5-chain and 
p: W + K(r, 1) extends to p: X5-+ K(m, 1). The argument now proceeds by resolving 
X5 to a 5-manifold. Since the oriented bordism groups in dimension <4 vanish, there 
is no obstruction to resolving the singularities of X5 up to codimension 4. So we can 
assume that the singularities of X5 (i.e. non-manifold points) consist of a finite number 
of points each one of which has for link an oriented 4-manifold. Now use the fact that 
the four dimensional bordism group is cyclic of infinite order and detected by the 
index, so that we can resolve these final singularities by adding some copies of CP2 or 
@ to the links. This can be realised by cutting out tubes from the links to W = 3X5 
and replacing them by (CP’h Xl or (@2)0x& Fig. 16, where MO denotes A4 with an 
ON KIRBY’S CALCULUS OF LINKS 9 
Fig. 16. 
open ball removed. Thus after adding some CP”s or CP”s to W we can assume that p 
is bordant to zero in K(n, 1). We now have the diagram: 
But t*: 7r,(fl’)-+~ splits both (j,)* and (j2)* as required. 
Proof of Theorem 6. The necessity of the conditions for S-equivalence of L, and 
L2 follows at once from the “only if” part of Lemma 8 and the fact that &equivalence 
leaves the induced homeomorphisms of nl unaltered. So assume that the algebraic 
conditions are satisfied and we have to prove L, is &equivalent to Lz. 
The first step in the proof is to show that by a-equivalence we can make W(L,) 
and W(L2) homeomorphic. With the notation established in Lemma 8 we can assume 
by Lemma 8 that W = ails, where Q’ is a 5-manifold, since the required copies of CP2 
or D’ can be added by the inverses of special K-moves, and (j,)* and (j2)* are split 
injections. We now perform surgery on IIs to make (j,)* and (j2)* isomorphisms. This 
is done by surgery on a finite sequence of normal generators of the normal subgroup 
Ker( S,) = Ker(S2). 
Now consider fi as a cobordism joining W(L,) to W(L2) and decompose it as a 
handle body. Since it is connected we can cancel the O-handles and 5-handles and 
since ~,(a, W(L,)) = ~,(a, W(L3) = {l}, we can cancel the l-handles and dually the 
4-handles, [6, remark on p. 861. 
So we can assume that fl has only 2-handles and 3-handles. Since the map 
7r,( W(L3) + r(a) is an isomorphism, it follows that the 2-handles must be attached by 
inessential loops in W(L,). But as the dimension of W(L,) is four, it follows that the 
effect of adding these handles is to change W(L,) to W(L,) #S* x S* #S* 5 S*. 
However as we have already seen from Lemma 4 [his can mbe achieved by 
K-moves. Dually the 3-handles can be replaced by K-IIIOVeS on L2. Hence fi becomes 
the trivial cobordism and W(L,) = W(b). 
We now use the basic starting theorem of Cerf theory[l]. 
Transfer briefly to the smooth category and use transversality. The cobordisms 
W(L,) and W(L3 are given by two Morse functions f, and f2 and since W(L,) and 
W(L2) are diffeomorphic f, and f2 are related by a one parameter family. of Cm 
functions f,, 1 G t =z 2. We may assume that this path in the function space meets only 
the codimension 1 strata. So the handle structure changes in the following fashion: 
(1) Births and deaths of complementary handle pairs; 
(2) Handle slides. 
Our preliminary task will be to eliminate the O-handles. A O-handle birth is indicated 
by the appearance of a four ball disjoint from the cobordism and its death by its 
disappearance. Assume the cobordism is connected. There will be a O-handle attached 
to the base of the cobordism by a l-handle. This cancelling pair may be eliminated in 
the usual way and hence all the O-handles. There is a choice in this elimination 
procedure but the choices are related by l-handle slides (for example see Fig. 17). So 
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we may assume that the family of functions f, introduces 
4-handles. 
no O-handles and dually no 
Fig. 17. 
Since all births and deaths takes place in a ball, we may assume that they can be 
pictured as taking place in the bottom of the cobordism, i.e. in the manifold M. We 
start with the link L, in M, each component labelled in some fashion by a longitude. 
The link L1 defines the 2-handles of the cobordism W(Li) these being the only 
2-handles initially. By a series of moves this link is gradually changed into the link Lz. 
We now describe these moves in more detail. The birth of a l-handle with its 
cancelling 2-handle can be pictured in M as in Fig. 18: 
c3----@ 
Fig. 18. 
That is, the interiors of two disjoint balls disjoint from the rest of the link are 
removed and their boundaries are identified by an orientation reversing homeomor- 
phism. The arc joining the two spheres now becomes the a-sphere of the cancelling 
2-handle. A l-handle slide can be described as follows. One end of a l-handle 
approaches one end of another. The end of the first l-handle is then gradually 
swallowed by the end of the second and immediately starts appearing at the other end 
of the second, until it has completely reappeared. The a-sphere of the cancelling 
2-handle having been dragged behind it. 
The 2-handle slides are either p-moves in M or p-moves at some level on the 
cobordism. So if we have a method, using K-moves, for changing the births and deaths 
of (1,2) handle pairs and the l-handle slides into moves on 2-handles then dually we 
will be able to change the births deaths and slides involving 3-handles. This leaves us 
with only 2-handle slides which we have seen above correspond to P-moves. There- 
fore we will have proved that L, and Lz are s-equivalent. This we will now do. 
The birth (and death) of a l-handle takes place within a ball which may be 
considered disjoint from the rest of the picture. Therefore the births and deaths may 
be reordered so that all births takes place before any deaths. 
We have pictured the l-handle slides so that they avoid the two dimensional 
cocore of the 2-handles. In fact this may be assumed in general since the codimen- 
sions add up to less than four. So a 2-handle slide followed by a l-handle slide can 
always be reversed. To see what happens in a typical situation consider Fig. 19. Here 
the 2-handle A is about to slide over the 2-handle which cancels the l-handle B. This 
being drawn as an arc joining one end B, to the other end B1 and going round the 
l-handle C. The 2-handle slide is indicated by the dotted band at the top of Fig. 19. At 
the same time the l-handle B is about to perform a l-handle slide over C indicated by 
the dotted arc. The right-hand side of the diagram illustrates the 2-handle slide 
followed by the l-handle slide, whilst the left hand side indicates the reverse. Notice 
that the effect is the same. By way of counterpoint consider Fig. 20, illustrating a 
l-handle slide followed by a 2-handle slide. Here the reverse has no meaning. So we 
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2-handle slide 
2-handle 
\ 
slide 
Fig. 19. 
I -handle 
slide 
Fig. 20. 
can assume that the l-handle slides all proceed the 2-handle slides. We are now in a 
position to exchange the l-handle slides for 2-handle slides. Call a l-handle simple if 
its cancelling 2-handle does not go round any other l-handle. Call a l-handle slide 
simple if the passing l-handle is simple. A new born l-handle is simple and the first 
l-handle slide is therefore simple. The effect may be illustrated by Fig. 21(a). In Fig. 
21(b) the effect of an appropriately chosen slide over the cancelling 2-handle is shown, 
the band of the slide being along the dotted diagonal arc of the l-handle slide. Now by 
an isotopy the result becomes the same as the l-handle slide. (Note that it is necessary 
that the passing l-handle be simple otherwise the isotopy would have to be replaced 
by more l-handle slides.) Now reorder this 2-handle slide so that it occurs after the 
remaining l-handle slides. There is now one fewer l-handle slide. By repeating this 
procedure all the l-handle slides may be exchanged with 2-handle slides. It only 
remains now to trade in the l-handles for 2-handles. The birth of a l-handle changes M 
to M#S’ x S* (ignoring the cancelling 2-handle). This can be seen as follows. 
12 ROGER FENN AND COLIN ROURKE 
(al 
Fig. 21. 
Choose a path r between the two balls representing the l-handle (dotted in Fig, 
22). Then the curves which pass round the l-handle (i.e. meet the b-sphere trans- 
versely) are completed along the dotted path and ringed by a small meridian labelled 
0. So the l-handle is traded for a Z-handle given by this meridian. The cancelling 
2-handle now runs through this meridian once. This procedure can be made parti- 
cularly simple with a new born l-handle A. The dotted curve r can be chosen parallel 
to the arc r’ of the cancelling 2-handle. (Twisting is irrelevant.) The arc r becomes G 
and r’ becomes G’ where G U G’ is a pair of linked circles labefled 0; see Fig. 23. By 
Lemma 4 this picture can be achieved by K-moves. However when the handle A has 
reached the end of its life the dotted curve r indicating the trade may have become very 
complicated (see Fig. 24). But the loops r and G are both contractible initially in x(L,). 
(Although rruns essentially round the I-handle A this handle is immediately cancelled by 
the 2-handle with u-sphere r’.) The inclusions induce isomorphisms: 
r,(x(L,)) + TI( W(L)) == Tl( wL2e--77-l(X(L2)). 
Fig. 23. 
Fig. 24. 
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So I and G are still contractible in x(L2) at the end of A’s life. We shall now see how 
the resulting trade can be realised by K-ITIOVeS. 
Use the meridian curve labelled 0 as in the proof of Lemma 5 to replace the 
homotopy by a series of p-moves so that G U G’ becomes’ 
c?? 
. This can be 
” 
eliminated by K-moves as in Lemma 5. Therefore the trading process can be realised 
by &-equivalence on L, and Lz. The l-handles can all be traded for 2-handles and the 
proof is complete. 
Proof of Theorem 8. We have seen in the last proof that the effect of trading the 
l-handle for a 2-handle in a cancelling (1,2) pair is to introduce a meridianal linking 
circle labelled 0 around the attaching curve C for the 2-handle. Hence our new move 
can be interpreted as: firstly introduce a cancelling (1,2) pair and then trade the 
l-handle for a 2-handle. Hence it leaves x(L) unaltered. On the other hand, the move 
introduces a relation in n,(W) corresponding to C, so it can be used to kill 7r,( W,) and 
7~,( W,) and hence to kill 7). 
$3. THE NON-ORIENTABLE CASE 
We will represent non-orientable compact closed 3-manifolds by framed links in 
the non-orientable manifold S’ x S*, the framing as before having been given by a choice 
of longitude. We can consider the link in S3 provided there is a non-orientable 
l-handle represented by two disjoint balls in S3. Their boundaries are identified by an 
orientation preserving homeomorphism. This non-orientable l-handle introduces a 
new move, the p-move which will be described in more detail below. 
It is necessary to consider the orientation homomorphism 
0: ?T,(M)-+Z*. 
The natural class q(M) E H,(n) must be replaced by a class with twisted coefficients. 
More precisely consider the composition: 
M” + K(7r, 1) 2 K(Z,) 
(r = r,(N)), Then W’ determines a bundle of integer coefficients, over K(n, 1) and M 
determines a class 
in the n-dimensional homology group with these twisted coefficients. This group can 
be interpreted geometrically as homology classes of singular n-circuits in K(v, l), 
where both the circuits and the homologies are locally orientable and the orientation 
homomorphisms commute with w*. 
The analogue of Theorem 6 is: 
THEOREM 10. Suppose that Lr and Lz are links in M3 (not assumed orientable). 
Then L, is S-equivalent to Lt if and onfy if there is a homeomorphism h: ,y(L,)+,y(Lz) 
and an isomorphism i: rI( W(L,)) +7rI( W(L,) so that the diagram A’ below commutes 
and r)(A*) = 0 in Hdl(~). Here fl= nl(W(LI), the homomorphisms to Zz in A’ are 
orientation homeomorphisms and q(A’) is defined in an analogous way to q(A) in 
Theorem 6. 
r,( W(L)) - ~*(W(W) 
i 
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Proof. The proof is the same as that of Theorem 6 with obvious alterations, but 
note the following points. 
In the statement of the analogue of Lemma 8 one must of course include the 
orientation homeomorphisms. 
In the proof of the analogue of Lemma 8, when resolving the singularities we use 
the fact that the classes are all locally orientable and all the singularities are local in 
character. Hence the link manifolds to be resolved are orientable. 
The proof of the Theorem, after the analogue of Lemma 8, is exactly as before. 
The classification of non-orientable 3-manifolds 
We are going to consider links in S’ x S* and introduce a new move, the p-move. 
Consider RP4 with its standard handle decomposition (with one handle in each 
dimension). Remove the interior of the O-handle U l-handle and the interior of the dual 
O-handle U l-handle. The result is a cobordism between S’ 5 S* and itself with a single 
2-handle. Call this cobordism N. Another description of N is the space obtained by 
removing open neighbourhoods of two disjoint projective lines (RP”s) in RP4. We 
can picture it in S3 as in Fig. 25 with a non-orientable l-handle and a 2-handle. 
In Fig. 25 the interiors of the balls are to be removed and their boundaries 
identified by a translation. (This converts S3 to S’ 5 S2 and defines the l-handle). The 
arcs become a circle C bounding the Mobius strip A. A parallel curve to C is defined 
by horizontal translations of the two arcs and meets A transversely. The 2-handle is 
attached to C using the framing defined by this parallel curve. 
The p-move consists of introducing such a circle with this framing or its reverse. 
Clearly it alters W(L) by introducing the cobordism N but it leaves x(L) unaltered. 
If it is required to perform the inverse of a p-move and there are other curves in L 
which meet A then, by p-moves between these curves and C, these intersections can 
be removed. 
Let y-equivalence denote the equivalence generated by a-equivalence and the 
p-move. 
THEOREM 11. Homeomorphism Classes of non-orientable closed compact 3-mani- 
folds correspond bijectively to y-equivalence classes of framed links in S’ X Sz (or its 
picture in S3). 
Proof. By Lickorish[4] any non-orientable 3-manifold can be obtained by surgery 
on a link in S’ x S*. Also y-equivalence does not alter the homeomorphism class of 
x(L) and hence it suffices to prove that if x(L1)=x(L2) then L, and L1 are y- 
equivalent. 
Now a p-move on L introduces a 2-handle in W(L) which represents a homotopy 
to a point of twice the generator of ml(S’ 5 S*) = Z. Thus after a p-move on each of 
L, or L2 if necessary, we may assume that 
7r,(W(LI)) = 7T,( W(L3) = zz. 
The diagram A’ now reduces to the orientation homomorphisms of all the 
fundamental groups and the only remaining obstruction is q(A’) E Hl(Z2) = Z2. But 
the inclusion RP4’RP” = K(Z2, 1) generates H4*(Z2) and this is carried by the 
cobordism considered earlier and contained in RP4. Thus a p-move on either L, or L2 
Fig. 25 
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kills this obstruction if necessary. This completes the proof. Notice that in fact, at 
most 3p-moves were needed for the equivalence of L, and L2. 
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